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The main dynamical parameters of rigid body motion about fixed point

The angular momentum: The (linear) momentum | quantity of motion:

N
K,4=p, x m,v,. Q= Emyvy.
="l
N N
Ky = ZP,,— X 1y Uy The kinetic energy: 7 — 1 Z T, U2
p=1 2 =1

The angular momentum at the change of the point-pole (A to B):

-
Y

Ky—=K4+DBAx Q.

The angular momentum and the kinetic energy of the rigid body with fixed point:

[y

H{) = Jw. T = Z(K{;.-u}.
Kop = Jpop — Jpyq — Jozr, T = %(prz + Jyq® + Jor7) = dpypq — Jpapr — Jyqr.
Hﬂy = —wdpyP T dyl] — Sy T,

T = %[A;F + Bq® + Cr?)
Ko, = _'-I.czp — Jy:q + J.r



The dynamical theorems

The change of the angular momentum:

KA _ g o+ M.

the vector of EXTERNAL torques

The change of the kinetic energy:

dT = d'A'® 4 d' AW

the elementary mechanical work of all
EXTERNAL and INTERNAL forces

The potential (the partial case of forces):

d'A® L AW — (11,

dT + dll = 0. E=T4+1l=5h= const



The physical pendulum angular motion
as an important example of rigid body motion
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The physical pendulum angular motion
as an important example of rigid body motion

T = %ngéz, II = —mgacos .
wi = g/l, TI* = —wfcosp,

1T+ 11 = const

%@2 + II" = A = const.




The physical pendulum angular motion
as an important example of rigid body motion

+ 11" = h = const.
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The physical pendulum angular motion

as an important example of rigid body motion
Some aspects of elliptic functions

©
dx
u=TF(p b= [
’ V1 — k2sin’ 0< k<l

The Jacobi elliptical integral (the first kind elliptic integral)

%
dr
, Kk :f
) ’ \/]—k2sin2$

Then:
Y = alnu.

K (k) :F(

©F

A .l":.fy

z =sn(u, k) =sinp =sinamu u 2z =cn(u, k) = cos@ = cosamu.

z = dn(u, k) = j—i :\/1 — k2sin® o = /1 — kZsn2(u, k).



The physical pendulum angular motion

as an important example of rigid body motion
Some aspects of elliptic functions

1 d Snzu—l—cn2u:1’
dnu
dnu + k2sn?u = 1.
SN U
(0 U
ot
K 2K K 4K
4 snu=cnu-d
CTLU @Snu—cnu nu,
-1 d
Ecn'u:—snu-dnu,
i1::11’1ru,=—le'zSlﬂvuawcrli.s.

du



The physical pendulum angular motion
as an important example of rigid body motion

T = %ngéz, II = —mgacos .

wi = g/l, TI* = —wfcosp,
%@2 + 1I" = /h = const. h = —wi cos 3
B — the maximum of ¢ value

—w? < h < Wi.

p? = 2wi(cos @ — cos ).

Changing variables Sil’l(cpf?) = k¢ sin 'lrf). ‘ 12!2 = wg(] — k% Siﬂ2 ’lf)). ki = Sil](ﬁ/?)




The physical pendulum angular motion
as an important example of rigid body motion

1,&!2 g(l—k szfd)). t=0 =0,

wol = f \/1 = k-z = F(¢, k1),

Slll £

b = am(wot). = sin(e/2) = k; sin .

!

@ = 2arcsin(k; snwyt).

If the angle is small then we can linearize the equation; and as the result t we obtain the harmonic
solutions with ordinal SINUS —> the practical seminar



Equations of the angular motion
of rigid body about the fixed point

Rotations:
the precession Y-> the nutation 0 -> the intrinsic rotation ¢

d.KO (E]
dt = Mo
Ap + (C — B)gr = M,

= g@sinﬂsing@ —I—é‘cns%
q = z,f)ﬁinﬁ'(:qup — ésimp,,
r =) cosf + ¢



Equations of the angular motion in the Euler case

o0 = const,

K? = A%p® + B*¢* + C*r* = const.

%(Ap + Bq¢® + Cr?) = const.

Leonhard Euler

Born: April 15, 1707, Ap + (C — B)gr =0,

Basel, Switzerland

B¢+ (A—-C)rp=0,
Died: September 18, 1783,
Saint Petersburg, Russian Empire COr + (B — A)pq = ().




Equations of the angular motion in the Euler case

Poinsot's construction. Polhodes

_Ko-OP _ Ko-w 2T V2T _
0Q = 7 = A K, _/\KO_—KO — const.

https://www.youtube.com/watch?v=BwYFT3T5ulw



https://www.youtube.com/watch?v=BwYFT3T5uIw

Equations of the angular motion in the Euler case

K; = A*p® + B*¢* + C*r* = const.

T = %(Apz + Bq¢® + Cr?) = const.

- L

p* = A(Cl— A) (2TC - Kp) - B(C - B)g*]

2 _ 1 2 2
7 = Go =y LS —2TA) = BB - 4)¢’].

0 == \JI20C ~ K2) ~ BC - B)@][(K3 — 2T 4) — BB — A)q].



Equations of the angular motion in the Euler case

dq 1

= _— 4

dt BVAC \/[(
Case 1

9TB > K2 > 2TC.

Areas | and Il

q_i\/KE,—QTG

B(B - C)

27C — K2) — B(C — B)@®] (K2 — 2T A) — B(B — A)¢?).

sin A,

ABC

_ \/(B—C)(ZTA—KE})t

dA — /1 — k2 ¢in? A
dr

k2_

(A — B)(K? — 27°C)

(B—-C)(2TA - K})

A=amr.




Equations of the angular motion in the Euler case

[l =0q=0.

9TB > K2, > 27C.

Areas | and Il

A=amr.

lBy back substitutions

p="F

K2 —2TC
A(A = C)

CII(’T, k)a

q_i\/Kg—ETC

BB —C) sn(r, k)

=

2T A — K2
O dn(r, k).

C(A—-0C)




Equations of the angular motion in the Euler case

Ca Sse 2 Changing of variables

_ _ _ . [rrA-Ky _[(A=B)(K} —2TC)
2TA > K2 > 2TB. 1=\ pa-p ™" 77 ABC '

Areas Il and IV

(B—-C)(2TA - K})
(A— B)(K2 —2TC)’

2T A — K},
dn(r, k), q= :I:\/ B(A— D) sn(r, k),




Equations of the angular motion in the Euler case

Case 3 » _ (B-0) n2 2_ (A-DB) L0
V= Ao B 7= g 0T~ BO).
K2 = 2TB. :\/2T(AB)(BOJt
ABC ’

Trajectories 1 and 2

dq 1 2
— =T 2T — Bqg”).
=g P

- 2T(B-0) 1
P=V a4 —0) ahr’

2T 2T(A-B) 1
— —th . = — .
T BT ¢cmc)mr




Equations of the angular motion in the Euler case

Solutions for Euler angles
Let us to direct the axes
with fulfilment of the condition OZ K

Ap = Kpsinfsinp,

Bg = Kpsinfcosp, Cr = Kgcosé.

_Cr _ Ap
cosf = Ko tg o = By

. 2 2 i
S COS . Ap? L B . Ap? + Bao? Integrating
:P 1ngo:|—q (’D__; 1,b= P - 2q .—}¢=KO P~ + by . mmm) | elliptic
sin # Ko sin® 6 A?p? + B%¢? function...




Equations of the angular motion in the Lagrange case

Z A
dt ©
G Y (e)
g Mo = Pn x OG.
X
P My = P(yz2c— sb),
0) -
7 Y My :P(’]fga—’)flc),
X 4 Tﬂ’ M, = P(y1b — y20a).
N
o _ dn/dt = 0.
Joseph-Louis Lagrange vy = sinfsine, vy = sinf cos g, (zn
Born: 25 January 1736, 0t +wxn =0,
Turin, Piedmont-Sardinia v3 = cos 6.
Died: 10 April 1813 (aged 77) dyy d~yo dys
Paris, France d_’}; = Y2 — (73, l B

At —PYs— 7™, dr — 471 — P2



Equations of the angular motion in the Lagrange case

Z A
Y d
G o dff + (A= C)yrp = P(336 — mo),
"’ CY 1 (B - A)ypg = Py — ).
P @) - dt & ;
T The first integrals:
" n
X N Ko - n = const. Apy + Bgvys + Crys = const.
v =sinfsing, vz = sinf cos ¢, 1l = Ph; h = 0G-n = Y1 + 572 + CY3.
v3 = cos 6. T:%(Apz_|-B'qz-|-(;'fr2)j E:T_|_H

2 ,
7Y+ =1 %(Apz + Bg® + Cr®) + Play1 + 9 + ¢v3) = const.



Equations of the angular motion in the Lagrange case

In the “canonical” designation

¢ i Jg &k M, = Pay,,
My=momyP=a X P=Ply, v, Yal» M, = — Pay,,
0 0 a M,=0.

ap . .
A H(C—B)gr =Puay, p=1sin8 sin ¢+ 6 cos @,

K B%-I—(A——-C)rpr-—Pav], q:ﬁ:sinﬁcosq:a—ésintp.
%=o_ r == @—cos H.

First integrals:

A(p*+ 9>+ Cr?==—2Pay,—+ h; -Theenergy conservation

A (Y -+ qVs) e Crvs == COnst. - The “vertical” component of K conservation

r = Cconst. -The “logitudinal” component of K conservation



Equations of the angular motion in the Lagrange case

p=1iJsinB sin @ E’?cosq:», -
g == Psin®cos g — Osing, ) pP - ¢F == P sind 04 0%,

et

r = @-cos . The energy conservation, and Y3 ==cos 8.

> o

A (}? sin? 8+ 82) -+ 2Pq cos 0=h, hi=h—Cr2

pY1—+ gy, = sin? 6.

P cos 8- @ = r = const.

py; =P sin? B sin? ¢4 0 cos @ sin O sin ¢,
gy, == sin? § cos? ¢ — B sin @ sin O cos .

. The “vertical” component

of K conservation
AV sin? 04 Cr cos B =b.

b - const

- The “logitudinal” component of K conservation



Equations of the angular motion in the Lagrange case
: : b—C ¢
APsin?0-4-Cr cosﬂzb.% = AS:HE%S

A2 sin? 0+ 62) 4~ 2Pa cos 0 = hl,P 62 = L1 220' cos 9 P2 sin? 0;

B2 — hi—2Pacos® (6 — Cr cos )2
A A?sin2 g '
By reducing:
1 A?sin?@ - 02= A (h; — 2Pa cos §)sin? @ — (b — Cr cos B)?

) . as
cos B =3, -———smeﬁﬁ-_g.

The change of variables:
4 ds \? __ , 2
a(5Y =1, 1) = A —2Pas)(1 — ) — (O —Crsp.

The polynomial of the fourth power has the 3 real roots

fs)

S]_"‘c:";s“gsﬂt

+7
-3 cos B, << cos 0 <L cos O,

A real motion area

I )



Equations of the angular motion in the Lagrange case

b> Crcos0, b=Crcos 8,. Creos8; < b < Creosty.
b < Crcos
fls)
A real motion area §; KL 8K 8y,
-—-; s -3 cos B, << cos 0 <L cos O,




Equations of the angular motion in the Lagrange case

a (G =71 » As=11(s)
Integrating in elliptic integrals:

! ds | ds das
4 h._Af ; ¢ _.Af AJ‘
) VreT T ~V7® Vie

fs)

A real motion area §; KL 8K 8y,

+7
-3 cos B, << cos 0 <L cos O,




Elementary gyroscopic effect

A= B,

Let us to find conditions of the motion with constant velocities of precession () and intrinsic rotation (¢) at constant nutation:

0 = 9[] p = sinfsing + fcosp, P = wae sin fy sin g, M, = waw, sin fp cos @ [C 4 (C— A)z—icos 90'
Q= wl» g = sinfcosp — fsing, » q = wa sinfg cos @, »(DYN.SYS) )
qu = Wy r=1pcost + ¢ r = wycosfy + wi. M, = —wywi sinfy sing lC-l-(C—A)i—iCOSQo




The main formula of the gyroscopic effect

M, = wowq sin by cos [C’ + (C — A)ﬁ—? COS 6’0-

M, = —wow, sinfy singp [C + (O — A)ﬁ—i COS 90_

M, =0.

—

This can be reduced to the form:

My = wo X wq [C-I—(C—A)ﬁ—fcosﬁg] ‘ Va:@ —
| I |

\ Y / The velocity V@ of the end of the Ko vector i
v 1) equal to Mo value
ector-part Scalar-part 2) directed along Mo vector

Let us now consider

W1 > Wo

The
next
slide




The main formula of the gyroscopic effect

My = wa X wy {C—I— (C—A)w—f cosﬁg]

w Y
f'f"'
6.’ = o Let us now consider
Y = Wy If assume
r'wé = Ldz‘ wl >> w2 Ko = Cuw;.
‘MO:szxwl.‘ M,
A backward consideration: if we intend to rotate the spun rigid body, the REACTION-torque will arise M = —MO.

This is the gyroscopictorque M = (C'wi X Wo.



The main formula of the gyroscopic effect

The gyroscopictorque M = Cw; X wWo.

The obtained force-effect

a rotating cause

The obtained force-effect
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Sofia Vasilyevna Kovalevskaya

Ko -

Born: 15 January 1850
Moscow, Russian Empire

Died: 10 February 1891
Stockholm, Sweden

S.V. KOVALEVSKAYA’S CASE OF RIGID BODY MOTION

n =

Apy1 + Bgys + Crvys = const.

%(Apz + Bg® + Cr?) + P(av, + bys + cv3) = const.

(p* — ¢° — ay1)? + (2pq — avy2)? = const.

DN e, D2 BB

dt Y2 3, dt 3 Y1, Jt Y1 Y2-
dp _ Z\ A=DB=2C
T (C — B)gr = P(yac — y3b), b=c=0; a=0
Jred
dt + (4 = C)rp = P(yza — yi0),

C’%HB—AJPQ:P(M—WM)- T
The first integrals: Y

M+7s+ =1




sty G i,

THE S.V. KOVALEVSKAYA TOP

In 1888 she won the Prix Bordin of the French Academy of Science, for
her work on the question: "Mémoire sur un cas particulier du probleme de le
rotation d'un corps pesant autour d'un point fixe, ou l'intégration s'effectue a
I'aide des fonctions ultraelliptiques du temps"

a1 =az =1, a3=2, 1o =r3=0,r1 =2, Wu=mg

Kovalevskaya’s first intrgral:

I = diag([l,fg,lg) A = I—l M = Iw
(L.
<If.;.:—l—c.c.:><If.;.::;t.«'xr'x'y,
Y= X w,
H=L(ME+ M3 +2M3) —am Fy = (M.y), Fp=+’
M2 — M3 2 2
= — 5 = fay, | 4+ (MM + avy,)” = k2




THE S.V. KOVALEVSKAYA TOP

Kovalevskaya’s variables:

~VRR, R+ VR Ry

S1 — , S9 — ,
(e 4P ; 2(21 — 22)2 2(21 — 22)2
LA i 21 = My +iMsy, 2o = My —ilMs,
% 1 h J2
R = R(z, z0) = 42’%,2% 2(,21 —|—zz)—|—c(21—|—22)—|—z—1
. ; i Rl = R(Zl, 2’1), R2 = R(Zg, 22),
///,///,fi A S'm("lqu&m! Where: Fl — (AI, “/) = C, H — h
The motion equations in Kovalevskaya’s variables:
ds, _ _ dt dsy dt
P(s;) S — 82’ P(sy) 52 — 57
Polynomial of 5t" power 2 2 2 2 2
Pls) = ((QQ i %) ]fﬁ) (‘“ +2hs” + (hE ]fﬁ i 31) i {6)

Then the hyperelliptic integrals/functions follow... The end of classical cases of the rigid body motion...



Special aspects of the rigid body dynamics

The Andoyer—Deprit variables

y M =VG2—L%sinl, My=\/G2—L2cosl,

>\ H
| /

Y

v, B My
' L = Ms, G = \/M M), | = arctg (j\fg)’
| CmﬂMﬂﬂ
g — arcsin .

\/ M? + M3




Special aspects of the rigid body dynamics

A Z
Hamiltonian form of equations:
__OH . _0H
| H 0q’ op "’

e

The potential and kinetic energy

_ , H=T+U
I in the A-D variables:
h % U=U(L. G, H1 g,h).

— L*)(aysin® [ + as cos® 1) + azL?].

L\:Jlr—L



Directional cosines can be expressed in A-D variables:
vy = —sinlsinhcosgsin7sin( + sinlsinh cos 7 cos (—
— sinlsingcoshsin T — cos!sin hsin g sin ¢ + cosl cos g cos h,

9 = coslcosgsin hsinTsin( — coslsinh cost cos(+

+ coslcoshsingsinT — sin/sin gsin sin h + sinl cos h cos g,

Y 3 =sinhcosTcosgsin( + sin hsin T cos ( + cos T sin g cos h.
31 = —(sinlcoshcos gsinTsin( — sin/cos h cos ( cos 7—
! J - -
— sin [ sin g sin h sin 74 cos [ cos A sin g sin (+ cos [ cos g sin h),
ex =al+ay)+agkK 39 = cosl cos hsinT cos gsin( — coslcos hcos( cosT—
sey = B+ p,)+ Bk : : : : : . : :
! '81_ 'BZ_J b — coslsingsinhsinT — sinl cos hsin g sin ¢ — sinl cos gsin h,
&, =nl+y,)+yK
(33 = —sinhcosTsin g + cos 7 cos g sin ¢ cos h + sin 7 cos ( cos h.
a1 1M v1 = (sin ¢ cos T + sin 7 cos ( cos g) sinl + cos ( sin g cos,
ao 3y A~ . . h e
2 P22 Yo = (Smg COST —+ SII T COS ( COS g) cos | — cos( sin gsinl,
az (3 73 . .
3 = sIn( Sin 7 — cos T cos ( cos ¢ - —
/3 G S Y SINT = é, S ( = %



The Euler parameters / Euler—Rodrigues formula
—/ -
p=0OM —OM =7"—r

p= L 9><('r—|—19><'r)j

1 2 2
1—|—Z6’

G:Ztg%e

Let we have the unit-vector

e =1cosa’ + gcos 3 + kcos,
Then the E-R parameters are:

X .
Ao = COs =, A = cosa’sin =,

DO < po| <

Ao = cos 3 sin %, A3 = cos ' sin



The Euler parameters / Euler—Rodrigues formula

} 2 Connections with the Euler angles and
the angular velocity components:

. vty . =y
Ap = COS = COS A1 = sin = cos

2 2 2

Ao :Singsinwgcp

7

2
, )\gzcosgsinw;('o.

Wi = 2()\0/.\1 —+ /\3;\2 — /\2/.\3 — /\1;\0),
wa = 2(=A3A1 + AoX2 + A1 Az — Aado),
Wy = 2(/\2;\1 — /\1;\2 —+ /\0/.\3 — /\3/.\0).



The Euler parameters / Euler—Rodrigues formula
Connections with the directional cosines:

ap 1 M cos ¢ cosyP—cosfsinysiny  cospsiny—+ cos b cos 1 sin

sin  sin ¢
s B2 vo |=| —sinpcos— cosfsiny cosp — sin @ sin P+ cos 6 cos ¥ cos ¢ cos @ sin ¢
as B3 73 sin f sin v — sin # cos cos 6

Ao+ AT — A3 — A3 2(Xods +A1A2)  2(A1A3 — AoAa)
= | 200A2 —Xods) AT —ATHFAI— AT 2(AoA1 + dads)
202 +A1Aa) 2N As — AoAi) NG — AT — A3+ A

Then we have the connections of the angles and parameters... -
we can use it for rewriting of torques expressions and
building of dynamical equations... :

-
Y

% +(C = B)gr = Plyac— ysb) =P(2(doh +2A)e~(4 41 =45 +.47)b)
1 B...

C...




The Euler parameters / Euler—Rodrigues formula

A 4AAZ =1, A=\, A2, \3)

Kinematical equations:

2h=0-L
0 -p —q -r
o-|? 0 T 4
g -r 0 p
r qg -p 0_




